Abstract. This paper presents a new active isolation strategy and system which is dedicated to extended payloads, and compatible with particle accelerator environment. In comparison to the current isolation systems used in this environment, the system proposed does not contains any coil or elastomer and the supporting frame is dedicated to isolate long payloads from seismic motion. The concept proposed has been tested numerically on 3 and 6 degrees of freedom models, and validated experimentally on a one degree of freedom scaled test set-up. An attenuation of 40 dB at 1 Hz has been reached with the stage built. The complete description of performance and a noise budgeting are included in this paper.
Introduction
Effective isolation from ground vibration is required for many applications including lithography machines [1] , atomic force microscopy [2] , atomic gravimetry [3] , medical imaging, and large instruments dedicated to experimental physics [4] . In fact, ground motion includes microseismic waves that have an amplitude of the order of 10 −6 m. Consequently, if ground motion is transmitted to a precision tool, it constitutes one of the most limiting factor to the resolution of the system [5] . Ground motion attenuation is particulary challenging for the stabilization of the electromagnets used to guide particle colliders beams. In fact, if the two beams are not perfectly aligned, the collision rate, called luminosity, will drastically decrease. Beyond this stringent requirement, several additional constraints must be adequately addressed. They are related to the extended shape of the structure, the limited stability of the floor on which they are mounted, and limitations on the technology of the sensors and actuators which could couple with the electromagnets. During the last twenty years, many studies have been conducted in order to comply with these requirements, both for the active stabilisation of the main beam quadrupoles [6] [7] [8] , and for the stabilisation of final focus quadrupoles [9] [10] [11] [12] [13] [14] [15] . A critical review of strategies can be found in [16] . Over the years, the level of stability has been continuously improved, reaching the required values and even better. However so far, to the best of the authors' knowledge, all of them are using electromagnetic sensors for inertial control at low frequency, which are not compatible with the environment of particle colliders [17] . Other sensitive seismic sensors exist but they also measure some parasitic signal due to the surrounding magnetic field and the particle beam; either the sensor flexure is build in a ferromagnetic material [5] or it includes elastomer or eletronics [18] which are damaged by the highenergy particle beam. New sensors based on an interferometric readout have been developed which can provide an accurate signal in this harsh environment [19] [20] [21] .
In this paper, the control approach proposed is the use of a high resolution optical inertial sensor and a mechatronic architecture dedicated to support long and extended objects like electromagnets.
While this control strategy is specifically designed for particle accelerators, this isolation system is needed for other precision measurement tools that work in a similar environment; for example, atomic gravimeters use electromagnetic fields to generate the Raman transitions [3] and medical imaging either use strong magnetic fields or particle beams to scan a body. In addition, several of the features and components of the instrumentation are also of potential interest for the LIGO in-vacuum isolators. Their performance is currently partly limited by the sensor noise of its vertical inertial sensors at low frequency and by the control bandwidth at high frequency [22, 23] .
The paper is organised as follows. Section two presents the supporting concept proposed, along with a justification for this architecture. Section three discusses in detail the performance on a simplified three degrees of freedom (d.o.f.) model. Section four extends the study to a six d.o.f. model, and section five contains an experimental validation. The conclusions are given in section six.
Concept
In order to control the six degrees of freedom of a sensitive equipment, at least six actuators are required. Depending on the feedback control objective, the supports are oriented parallel or perpendicular to the gravity [24, 25] , or inclined in the manner of a Stewart platform [26] . For the quadrupoles of a particle accelerator, a high control authority is required in the vertical direction and a weaker authority in the lateral, yaw and pitch directions. This is due to the cross section of the beam. No authority is required in roll and longitudinal directions. Due to the extended shape of the electromagnet, it has been decided to use eight supports, as shown in green in Fig.  1 : four in the vertical direction (two at each end), and four in the lateral direction, with a small angle to restrict the longitudinal motion.
At each end of the structure, vertical and lateral inertial sensors (indicated by box marked S) are used to drive the actuators. Each sensor drives two actuators. Each end is controlled independently. For this reason, the concept is studied in two steps, presented in the two following sections. Section three presents the control strategy used for only one end applied to a three degrees of freedom system (vertical, lateral, roll). The controller will be presented, along with an analysis of the sensitivity to some geometrical parameters. Section four extends the study to the full (6 d.o.f.) system. 3. Three d.o.f. model Figure 2 is the xz cross section of the extended structure in the control system plane. Four actuators are used, two in the vertical direction and two in the horizontal direction. Moreover, neither the sensor nor the actuators are located at the center of mass. The parameter l corresponds to the distance between the center of mass and the sensor in the z direction. The sensor is assumed to be centred in the x direction. The parameters d and h represent respectively the distance between the center of mass and the actuator in the x and z direction. These misalignments are of importance for the stability of the control system. The influence of these parameters on the stabilization of the electromagnet is the objective of this first study. Taking into account the actuators and the ground motion, the equation of motion of the system is
Mechanical design
where Figure 2 . Representation of the 3 d.o.f. experiment. Each actuator is in parallel to a spring with a stiffness k a . The sensor used measures the x and z motions. The distance between the center of mass and the sensor, l, the actuator in the x direction, d, and the actuator in the z direction, h, are shown.
. M is the mass matrix, m is the mass of the equipment and I z G is the inertia calculated at the mass center. C and K are the damping and stiffness matrices (c a and k a are the damping and stiffness in each leg). For simplicity, we have assumed that the damping matrix is proportional to the stiffness matrix. J is the Jacobian matrix, projecting the directions of the supports into the frame of the payload X, B is the transposed of the Jacobian matrix J; w is the vector of ground motion in the direction of the supports. One can note that only two parameters have an influence on the system dynamics: d and h. The Laplace Transform of equation (1) gives
where the poles of the open loop transfer function are given by
The system has three complex poles: one corresponding to the resonance in the vertical direction, and two complex conjugate poles that depend on the system configuration, coupling the horizontal (x) and angular (θ) motion. Figure 3 and 4 shows the evolution of these poles when the distance h (figure 3) and d (figure 4) vary. The third pole is not shown as it is always cancelled out by a zero. The coupling disappears when h=0.
In that case, the eigen frequencies are Ω 1 = Ω 2 = 2k a /m for the horizontal (x) and vertical (z) modes, In order to have alternating poles and zeros which guarantees a stable loop, the parameter h needs to be positive. In addition, as there is no benefit to position the legs at a distance larger than the structure dimensions, h is set small. Consequently, in the next section, the parameter h will be set to 0.05 m which corresponds to the position of the legs on the experimental structure. The distance d will be 0.12 m which is half the length of the structure in the x direction. 
Inertial control
The electromagnet has to be stabilized in the vertical and the lateral directions. In fact, the roll around the longitudinal axis is not responsible of beam deviation. Therefore, inertial control will be applied only in the x and z direction, as shown in figure 5 . However, coupling between the horizontal and tilt motion has an influence on the control performance: the control force applied to one of these two directions will have an impact on the other one. This section highlights theoretically this coupling.
Assuming that the vector f a contains the forces exerted by the four actuators, as defined in section 3.1, we have
where F is the vector of forces applied by the actuators along the three d.o.f. of the system. As the width of the equipment is small (i.e. the separation between the two vertical supports) and the width of an inertial sensor is large, a single vertical sensor is used to control the four actuators. Calling S = S x S z the vector containing the signals of the inertial sensor in the vertical and lateral directions, the vector of control forces is expressed as
where
, g is the controller gain, H x is the controller in the x direction and H z in the z direction. Neglecting the dynamics of the sensors for simplicity, the sensors signals can be converted back in equipment displacement with
Combining the definition of f a , H c and S, we have
The above relation clearly shows the coupling between the horizontal and tilt d.o.f. as predicted. 
Controller design
Based on the transfer function between horizontal and vertical pairs of sensor/actuator, a single stable controller has been designed (Fig. 6) . The controller is a combination of two lags and one lead:
with p 1 = 2π 0.2632 rad/s, z 1 = 2π 10.93 rad/s, p 2 = 2π 5 rad/s, z 2 = 2π 20 rad/s, p 3 = 2π 60 rad/s and z 3 = 2π 10 rad/s. The stability margins are shown in figure 6 .(a) and (b) respectively for the horizontal and vertical motion. Phase margins around 15
• have been reached for both directions. Obviously, larger margins can be obtained by moving the lead to larger frequencies. The transmissibility between ground and structure motion is shown in figure 7 . 
Mechanical design
In order to consider the complete extended structure in figure 1, a 6 
L is the half length of the extended structure in the y direction, e is the distance between the extremity of the structure and the actuator position in the y direction. As the horizontal actuators are not perpendicular to the structure, the projection on the two horizontal axes is taken into account thanks to the angle α, as shown in figure 1.(b) .
The ground motion is projected in the direction of the horizontal and vertical legs (w iH and w iV ,i = 1, 2, 3, 4). The actuation force vector f a is defined in the same way.
The distance between the center of mass and the actuator legs d and h remain the same as in section 3.
Inertial control
Again, only the x and z directions will be controlled as motion along the longitudinal axis does not induce any beam deviation. Two inertial sensors are used, they are located at both extremity of the structure. The vector containing the signal of one inertial sensor is S T = S x S y S z . One sensor is used to control one extremity of the structure similarly to what is explained in section 3.2.
Controller design
The same controller as the one described in eq. (10) is used for the vertical and horizontal stabilization. At each end, the isolation is performed thanks to the sensor and the four actuators. The controller leads to slightly smaller phase margins, as seen in figure 8 .
As the whole structure is now considered, the parameters used for the simulation are slightly different. The numerical values used are now: m = 20 kg, k a = 5 ×10 5 N/m, c a = 100 Ns/m, h = 0.05 m, d = 0.12 m and the gain applied is 2 ×10
6 . In addition, the angle α of the horizontal legs is set to 20
• , see figure 1 .(b). Figure 9 shows that the controller now attenuates the motion at 1 Hz by a factor of 30 in the vertical direction and by a factor of 80 in the horizontal direction. The blue curve corresponds to the controlled system and the green one to the closed loop.
Experimental validation
In order to confirm the theoretical predictions, an experiment using the supporting concept proposed was performed. The goal of this experiment is to evaluate the isolation performance of the system in the vertical direction. In fact, so far we only developed and built one vertical inertial sensor. Consequently, no test has been performed on the horizontal direction. A general view of the extended structure for a potential 6 d.o.f. isolation experiment is shown in figure 10.(a) . The dimensions of the structure used in this experimental validation and some additional information are listed in table 1. Figure 10 .(b) shows one leg of the structure with the vertical and horizontal actuators. The 1 d.o.f. experimental active isolation system is composed of an optical inertial sensor [27] and of two piezoelectric actuators APA100M from Cedrat Technologies, see figure 10 .(c). The isolation system is placed at one extremity of the structure while the other extremity is locked. The signals coming from the sensor are measured by the dSpace MicroLabBox with a sampling frequency of 20 kHz. The optical inertial sensor consists of a quadrature homodyne Michelson interferometer coupled with a pendulum [21, 27] . The interferometer provides two quadrature signals whose phases is proportional to the pendulum motion. Consequently, the arctangent of the ratio of these two quadrature signals provides the measurement of the pendulum motion. The sensor has a resolution of 1 pm/rtHz at 1 Hz. Based on the motion measured, the control signal is generated and sent to the piezoelectric actuators through a power amplifier (25V/1V). The extended structure, together with the piezos and the sensor are placed on a rigid TMC table. Finally, one Guralp CMG-6T is fixed on the structure in order to calibrate the sensor and another 
Inertial control
The transfer function between the sensor and a vertical actuator is measured by injecting some white noise in the vertical actuators. A fit of the measurement is then generated by system identification (see figure 11 ).
In comparison with the controller discussed in the previous section, two lags are added in order to extend the bandwidth towards lower frequencies. Their zeros corresponds to the complex conjugate poles of the inertial sensor in order to cancel them
where ω 0 and ξ are the natural frequency and damping ratio of the sensor; ω n and ξ n are the new natural frequency and damping ratio. Here, ω 0 = 2π 6.27 rad/s and ξ = 4 ×10 −3 , ω n = 2π 1 rad/s and ξ n = 0.2; In order to verify the stability of the closed loop, the open loop transfer function is estimated based on the controller and the fitted transfer function, see figure 12 . The stability margins confirm that the controller will achieve a good robustness.
Additionnally, a high pass filter HP has been added in order to remove the dc component of the optical inertial sensor signal HP = s s + 2π 0.1 
Noise budgeting
In this experimental section, the sources of noise must be included in the model as they will limit the performance. The noise sources taken into account come from:
• the sensor resolution n 1 measured experimentally and including Analog to Digital Conversion (ADC), photodiodes, laser source, etc.;
• the amplification stage n 2 based on datasheet information and including Digital to Analog Conversion (DAC), power amplification system, etc.;
• the ground motion itself w (measured with the reference Guralp).
In order to see how they combine, a 1 d.o.f. model is developed. Its structure is represented on the block diagram in figure 13 . The equation of motion for this 1 d.o.f. model can be expressed as
where f is the force injected into the actuator and w is the vertical ground motion. By adding the sources of noise in equation (13), the force applied becomes
where h is the controller expressed in the time domain.
In the Laplace domain, the equation of motion becomes
Which can be expressed as
The corresponding Power Spectral Density (PSD) of the residual motion is given by
(17) where Φ n 1 , Φ n 2 and Φ w are respectively the PSD of the sensor resolution, the amplification stage and the ground motion. H is the controller used. The resolution and ground motion PSD are measured while the amplification stage noise PSD is derived from the datasheet.
The Amplitude Spectral Density (ASD)
√ Φ x evaluated with the model is shown in figure 14 with a control gain of 6 ×10
4 . As at the exit of the DAC the signal is multiplied by 10 and the amplification stage increases the signal by a factor 25, the real gain at the actuators is 1.5 ×10
7 . Around 1 Hz, the isolation performance seems to be limited by ground motion and sensor resolution. Above 2 Hz, the isolation can be improved by increasing the gain until the saturation limit, as the residual motion is bounded by the ground motion. Finally, above 50 Hz, the amplification stage properties limit the performance. Figure 14 . ASD estimation of the contributions of the different sources of noise to the total noise (black): the resolution (green) is dominant around 1 Hz, the ground motion (blue) at low frequency, except around 1 Hz and the injection noise (red) is dominant above 50 Hz. The ASD of the structure motion measured when no control is applied is also shown (red dashed).
Results
The ASD of the 1 d.o.f. model described above is compared to the experimental ASD measured using the same controller gain in figure 15 . As the coherence between the inertial sensor and the Guralp on the table decreases below 1 Hz, the comparison between model and experimental transmissibility is evaluated above 1 Hz; at these frequencies, the model reproduces correctly the signal measured. This is confirmed in figure 16 .
The performance of the controller has been tested during day and night sessions with the controller described in section 5.1 and with a gain of 6 ×10 4 which corresponds to 1.5 ×10 7 at the actuators. The results are presented in Amplitude Spectral Density (ASD) in figure 17 . At 1 Hz, an attenuation of a factor 100 is reached. This is in agreement with the performance estimated in the previous sections. On the same graph, the resolution of the inertial sensor is plotted. This illustrates the fact that the isolation is not limited by the resolution of the sensor at any frequency. The experimental performance is summarised in table 2 with the RMS calculated at 1 Hz resulting from figure 18. Figure 17 . ASD of the day and night experiments using the optical inertial sensor: the day measurements with and without isolation are respectively the dashed red and plain red curves; the night measurements with and without isolation are respectively the dashed black and plain black curves. The blue curve is the resolution of the sensor. 
Conclusion
The paper has presented an active vibration isolation stage, dedicated to support extended payloads. To the best of the author's knowledge, this is the first active isolation system not containing any coil, magnet or elastomer, which makes it fully compatible with accelerator environments. Using the proposed strategy, it has been demonstrated experimentally that transmitted motion can be reduced by more than two orders of magnitude (40 dB) when the controller is turned on, in a frequency range extending in the sub-Hz domain. Transposing this high performance in the quiet environment of a particle accelerator, the strategy should allow to stabilize at the sub-nanometer level the electromagnets of the future generation of particle colliders as for instance the CLIC and ILC colliders. day control OFF day control ON night control OFF night control ON Figure 18 . RMS of the day and night experiments: the day measurements with and without isolation are respectively the dashed red and plain red curves; the night measurements with and without isolation are respectively the dashed black and plain black curves.
Although the inertial sensor does not meet sensor noise requirements to potentially improve the gravitational wave detectors active platforms, the prototype lays out technology of interest for a vacuum compatible and magnetic insensitive vertical interferometric sensor, which may be of high interest for the improvement of active isolation stages used in gravitational wave detectors.
